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Clearly, time scale and space scale are each important regarding 
questions concerning  some sets “hold together” 

Iconic Coherent Set 



On certain time scale and space scale, some sets “hold together.” 

Many definitions of coherency, and corresponding methods, 
  



A punch-line first – Looking for a “Motion Segmentation” without a vector field 



Pondering What to Call Coherence 
 – Coherence Means A lot of things to A lot of People 
 
-Follow the density?  (Ensembles of initial conditions).     
….flux or transport of density in and out of sets? (Transfer Operator Methods) 
 
-Follow measurements - measurables? (And the Koopman methods) 
  (or combination). 
-Follow strain of Boundaries? (LCS methods) 
 
-Match shape? Exactly?  Approximately? (=> Shape Coherence=> FTC) 
 
Should there be a unique solution to the concept of coherence?  
LCS? Coherent Pair?  Mesohyperbolic? Shape Coherent?  Exact Coherent? 
 
-A clustering method 
 
-Follow the “surprise” – information theory story 
   
ALL of these need a step to develop a model as SOME WAY 
to follow particles – a flow map, a vector field, etc. 
 
What can we do DIRECTLY from watching a movie? 



From my previous discussion - Sets that keep their shape “look” coherent. 
 
 

 
 

The Green Set is Such a Set 

Tian Ma and Erik M. Bollt, "Differential Geometry Perspective of Shape Coherence and 
Curvature Evolution by Finite-Time Nonhyperbolic Splitting, (SIADS), 2014 



Before         After 

Coherence vs continuity  
 – image of a connected set is connected 
 

The Green Set is Such a Set 

-Froyland, Junge 
-G. Haller & F.J. Beron-Vera 
 

Tian Ma and Erik M. Bollt, "Differential Geometry Perspective of Shape 
Coherence and Curvature Evolution by Finite-Time Nonhyperbolic Splitting, 
(SIADS), 2014 



Modelling the vector field of the flow from images 
 
-again - can we skip this step? 

Basaynake, Bollt 



     
                                

     
               

         
     

 
  
    

               
     

 
 

      
                                                          
 
 

   
        

       
 
 
 
 
 

   
 
 
 

       
 
 
 
 
 
 
        
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

     
                                

     
               

         
     

 
  
    

               
     

 
 

      
                                                          
 
 

   
        

       
 
 
 
 
 

   
 
 
 

       
 
 
 
 
 
 
        
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

In an Effort as 
SOME WAY to follow particles 











But do we really need the vector field? 



T(x)                                                    r0(x)     r1(x) 
All the particles move together BUT they mix/shuffle within the coherent 
set 

A hyperbolic coherent set vs an elliptic coherent set 

Frobenius-Perron – P - advance density,  
Koopman - U - evaluate a function at the image,  
          evaluate the new density at the image point,  
 -or pull back density and look for almost invariant sets 



Can Coherence be Found without a Vector Field?  Just based on what we watch? 

Goal – coherent when we see it, and 
to develop appropriate mathematical formalism behind this sense. 



A punch-line first – Looking for a “Motion Segmentation” without a vector field 



From The parallel worlds of spectral partitioning, graph theory,  
data analytics, image processing and dynamical systems coherency 
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Weighted Directed Affinity For Developing “Motion Segmentation” 
interpretation of coherence without a vector field 

 This serves instead of the unknown  
 transfer operator (as Naïve Bayes) 

<- reminds of diffusion map method? 



Directed Graph Analogue of Graph Laplacian 

Fan Chung, Laplacians and the Cheeger  
inequality for directed graphs,"  
Annals Combinatorics, 9 (2005), 1 19. 

Courant-Fischer Formula and  
Raleigh Quotient 
 
Then eigenvectors cluster, 
Max-cut problem for directed  
– bottleneckyness/Cheeger/ 
 conductance 
 
From Chung,  
-already standard FP operators  



Results – From Top View 

Zonal Flow The wind speed in Jupiter’s atmosphere, measured 
relative to the planet’s internal rotation rate. Alternations in wind 
direction are associated with the atmospheric band structure. 



• Coherent Sets? 
• Clustered Time Evolving Measurements? 
• Advection only? 

What is this? 



Does observed coherence correspond to the same coherence one would get with  
A transfer operator from an advective process? 
 
Weather- reaction (diffusive) advective, vs purely advective  
 

Cupid Note to Self:  
Never Fall Asleep in a Blizzard 



Weather- advective?  



And all of our favorite benchmark test 
In the subject of coherency 
 
The “Harmonic Oscillator” of coherency 
 
The Double Gyre 



The End 

-If you have the vector field, us it 
-If you have the transfer operator, us it 
-Coherence as a spectral motion tracking 
 
-Modified with a weighted directed graph 
 graph Laplacian – background of Cheeger  
 by Fischer-Courant and Raleigh Quotient 
 
-Details in papers on my website, and on the weighted 
directed graph Laplacian in my book 
-Relate to an advective diffusion map 
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